The partial differential equation for the imaginary part of the elastic scattering amplitude is derived. It is solved in the black disk limit. The asymptotical scaling behavior of the amplitude coinciding with the geometrical scaling is proved. Its extension to preasymptotical region and modifications of scaling laws for the differential cross section are considered.
The latest experimental data of the TOTEM collaboration at the LHC [1, 2] revived the interest to elastic scattering, especially in view of the failure of most models to describe the behavior of the differential cross section outside the diffraction peak. Several distinct regions in the behavior of the differential cross section as the function of the transferred momentum have been observed. Two of them attract main attention. The diffraction cone at small angles reveals steep exponential decrease with the transferred momentum squared |t|. At somewhat larger angles the less steep exponential decrease with transverse momentum p t ≈ |t| known as the Orear regime dominates.
We derive the scaling law which connects these dependences and leads to the definite proposal for dealing with experimental data about the differential cross section. To do this, we use two expressions for the ratio ρ(s, t) of the real part of the elastic scattering amplitude to its imaginary part which characterize its dependence on energy s and transferred momentum t, correspondigly.
According to the dispersion relations which connect the real and imaginary parts of the amplitude and the optical theorem, the value ρ(s, 0) may be expressed as an integral of the total cross section over the whole energy range. In practice, it is mainly sensitive to the local derivative of the total cross section. Then to a first approximation the result of the dispersion relation may be written in a form [3, 4, 5] 
i.e. at high energies ρ(s, 0) is mainly determined by the derivative of the logarithm of the total cross section on the logarithm of energy. The bold extension of the first term in this series to non-zero transferred momenta would look like
It was shown in [6] that the ratio of real and imaginary parts of the amplitude can be calculated asymptotically at nonzero transferred momenta t as
These two expressions should be identical. Equating them, we get the partial differential equation:
where p = ∂u/∂x; q = ∂u/∂y; u = ln ImA(s, t); f (x) = 2ρ(s, 0)/π; x = ln s; y = ln |t|. The variables s and |t| should be considered as scaled by the corresponding constant factors s −1 0 and |t 0 | −1 . For the case of the asymptotical black disk limit σ t ∝ ln 2 s; ρ(s, 0) = π/ ln s one gets
and the solution u = ϕ 1 (xe y/2 ) + x − y.
Herefrom one gets the scaling law for
which implies the universal scaling dependence on a single variable z 1 = |t| ln s. Let us neglect for the moment by the contribution of the real part of the amplitude to the differential cross section. Then the asymptotical scaling law for the differential cross section multiplied by t 2 should look like
Note that the additional t 2 -factor can be replaced by s-dependence if absorbed in the argument of the scaling function φ. Then this formula coincides with that obtained in the geometrical scaling approach [7, 8] . Thus we have proven that the solution of the partial differential equation (4) with correspondigly chosen f (x) leads to earlier results about the geometrical scaling. Such scaling was proved [9, 10] for cross sections increasing like ln 2 s/s 0 and for negligibly small ratio of the real to imaginary part of the amplitude ρ → 0 at s → ∞.
At the same time, the equation (4) is more general and can be used for different assumptions about f (x). In particular, the behavior of the total cross section at present energies is often approximated by the sum of a large constant term and another term which increases as some power of energy (for the recent reference see [11] )
In this case ρ(s, 0) = π∆/2 and the equation is
Its solution looks like u = ϕ 2 (e ∆x+y ) + x − y.
Herefrom one would get another universal scaling dependence of the differential cross section on a single variable z 2 = |t|s
which could be valid at preasymptotical energies. The above scaling laws should be fulfilled for the product of the imaginary part of the amplitude by the factor |t|/s (see (7)). It follows from Eq. (2) that the real part satisfies the analogous scaling law albeit if taken with another factor which differs in the two considered above cases. This would lead to the scaling violating terms when the contribution of the real part of the amplitude to the differential cross section is taken into account. The above scaling dependences of the differential cross section are modified in a following way:
and
The violation of scaling laws is different in these cases. The first law acquires the term with the coefficient depending only on the transferred momentum while the second one gets the term with the coefficient which depends both on energy and the transferred momentum. This violation of scaling laws must be negligible in the diffraction cone because the squared ratio of the real part to imaginary part which is crucial for the differential cross section is extremely small there. It would be interesting to learn about the effect of these terms outside it, especially in the Orear region of transferred momenta.
Note that at small values of their arguments z i the scaling functions φ i (z i ) should be proportional to z 2 1 and to z 2 , correspondingly, for the differential cross section to be equal to a constant at t = 0.
The scaling variable depends directly on ρ(s, 0) and is completely determined by the energy dependence of the total cross section. If the first term of the expansion in Eq. (1) is only considered, the scaling variable is |t|σ t , indeed.
These scaling laws can be confronted to experimental data at various energies especially in view of new energy range opened by the TOTEM experiment.
